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Abstract
Letting E, F be Banach spaces, the main two results of this paper are the
following: (1) If every (linear bounded) operator E → F is unconditionally
converging, then every polynomial from E to F is unconditionally converging
(definition as in the linear case). (2) If E has the Dunford-Pettis property
and every operator E → F is weakly compact, then every k-linear mapping
from Ek into F takes weak Cauchy sequences into norm convergent sequences.
In particular, every polynomial from ℓ∞ into a space containing no copy of
ℓ∞ is completely continuous. This solves a problem raised by the authors
in a previous paper, where they showed that there exist nonweakly compact
polynomials from ℓ∞ into any nonreflexive space.
1 Introduction
Throughout, E, F will be Banach spaces. We denote by L(E, F ) the space of
all (linear bounded) operators from E to F , and by WCo (E, F ) the subspace of
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all weakly compact operators. We say that T ∈ L(E, F ) is completely continuous
if it takes weakly convergent sequences into norm convergent sequences, and T is
unconditionally converging if it takes weakly unconditionally Cauchy (w.u.C.) series
into unconditionally convergent (u.c.) series (the definitions are recalled below).
The respective subspaces of operators are denoted CC(E, F ) and UC(E, F ).
It is well known that if F contains no copy of ℓ∞, then we have the equalities
L(ℓ∞, F ) =WCo (ℓ∞, F ) = CC(ℓ∞, F ) = UC(ℓ∞, F ) .
We denote by P(kE, F ) the space of all k-homogeneous (continuous) polynomials
from E to F , and by Pcc(
kE, F ) the subspace of completely continuous polynomials,
i.e., the polynomials taking weakly convergent sequences into norm convergent ones.
In [4] the authors showed that, contrarily to the linear case (k = 1), whenever F
is nonreflexive, for every integer k ≥ 2, there is a polynomial P ∈ Pcc(
kℓ∞, F ) which
is not weakly compact. It can be obtained as the composition of the following three
mappings
ℓ∞
U
−→ ℓ2
Q
−→ ℓ1
T
−→ F
where U is a completely continuous linear surjection, Q is the polynomial given by
Q ((xn)n) =
(
xkn
)
n
, and T is a quotient onto a separable nonreflexive subspace of F .
It is then natural to ask the following question:
(a) is every polynomial from ℓ∞ to c0 completely continuous?
The authors also proved [4] that, given P ∈ P(kE, F ), if
∑
xi is a w.u.C. (resp.,
u.c.) series in E, then
∑
P (xi) is a w.u.C. (resp., u.c.) series in F .
This justifies the introduction of the following class of polynomials: we say that
P is unconditionally converging, and write P ∈ Puc(
kE, F ), if for every w.u.C. se-
ries
∑
xi in E, the series
∑
P (xi) is u.c. in F . Several properties of Banach spaces
are obtained in [4] in terms of the relationship of Puc(
kE, F ) with other classes of
polynomials used in the literature. It is proved in particular that we always have
Pcc(
kE, F ) ⊆ Puc(
kE, F ), and that every weakly compact polynomial is uncondition-
ally converging.
Therefore, previous to question (a) is the following:
(b) is every polynomial from ℓ∞ to c0 unconditionally converging?
In the present paper, we first prove (Section 2) that whenever E and F satisfy the
condition L(E, F ) = UC(E, F ), we also have P(kE, F ) = Puc(
kE, F ) for all k ∈ N,
where N denotes the natural numbers.
Recall that E has the Dunford-Pettis property (DPP) if for every F we have
WCo (E, F ) ⊆ CC(E, F ). Our second main result (Section 3) states that, whenever
E has the DPP, and L(E, F ) = WCo (E, F ), we then have P(kE, F ) = Pcc(
kE, F ).
This happens, for instance, if E = C(K) with K stonean, and F contains no copy
of ℓ∞ (F 6⊃ ℓ∞); also, if E = C(K) and F 6⊃ c0. It may be useful to recall that
the problem of finding pairs E, F so that P(kE, F ) = Pcc(
kE, F ) has received some
attention. Pe lczyn´ski showed [7] that this is the case for E = ℓp and F = ℓq, with
kq < p. Gonzalo and Jaramillo [5] have recently extended this result to spaces
admitting upper and lower p-estimates.
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In Section 4, we prove the existence of a completely continuous extension of every
polynomial P ∈ Pcc(
kE, F ) to the bidual of E, when the dual of E has the DPP.
The proofs of all these results take advantage of an idea of [10].
We denote by E∗ the dual of E, and by T ∗ : F ∗ → E∗ the adjoint of the
operator T : E → F . The space of k-linear (continuous) mappings from Ek into F
is denoted by L(kE, F ). To each P ∈ P(kE, F ) we can associate a unique symmetric
Pˆ ∈ L(kE, F ) so that P (x) = Pˆ (x, . . . , x) for all x ∈ E. We say that A ∈ L(kE, F )
is completely continuous if given weak Cauchy sequences (xn1 ) , . . . , (x
n
k) ⊂ E, the
sequence (A(xn1 , . . . , x
n
k))n is norm convergent in F .
It is well known [8, Proposition 5] that if E has the DPP, then every k-linear
mapping from Ek to F takes weak Cauchy sequences into weak Cauchy sequences.
This is not true in general: for instance, the bilinear mapping
((xn) , (yn)) ∈ ℓ2 7→ (xnyn) ∈ ℓ1
takes a weakly null sequence into a sequence having no weak Cauchy subsequence.
For the general theory of polynomials on Banach spaces, we refer to [6]. Finally,
let us recall that a formal series
∑
xi in E is w.u.C. if for every φ ∈ E
∗, we have∑
|φ(xi)| <∞; equivalently, if
sup
n
sup
|ǫi|≤1
∥∥∥∥∥
n∑
i=1
ǫixi
∥∥∥∥∥ <∞ .
A series is u.c. if any subseries is norm convergent.
2 Unconditionally converging polynomials
In this Section, we prove that whenever L(E, F ) = UC(E, F ), we also have the
equality P(kE, F ) = Puc(
kE, F ), for all k ∈ N.
We begin with two lemmas.
Lemma 1 Assume L(E, F ) = UC(E, F ) and L(E, c0) = UC(E, c0). Then we have
L(E, c0(F )) = UC(E, c0(F )).
Proof. Suppose T ∈ L(E, c0(F )) is not unconditionally converging, and write Tx =
(Tnx)n, with Tn ∈ L(E, F ).
We can find a w.u.C. series
∑
xi in E such that ‖Txi‖ > δ > 0, for every i ∈ N.
Then there are ni ∈ N so that ‖Tnixi‖ > δ (i ∈ N). Since Tn ∈ UC(E, F ), we
have ‖Tnxi‖ → 0, as i → ∞, for all n ∈ N. This allows assumption (passing to
a subseries) that (ni) is an increasing sequence. Choose ψi ∈ F
∗, ‖ψi‖ = 1, with
|ψi(Tnixi)| > δ (i ∈ N), and define S ∈ L(c0(F ), c0) by S((yn)) := (ψi(yni)). Then
‖STxj‖ = sup
i
|ψi(Tnixj)| ≥
∣∣∣ψj(Tnjxj)
∣∣∣ > δ .
This implies ST 6∈ UC(E, c0), a contradiction. ✷
The following result is probably well known. We include a proof for completeness.
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Lemma 2 A space E contains no complemented copy of c0 if and only if L(E, c0) =
UC(E, c0).
Proof. Suppose T ∈ L(E, c0) is not unconditionally converging. Then we can
find a subspace M ⊆ E isomorphic to c0 such that T |M , the restriction of T to
M , is an isomorphism [9, Lemma 1]. By the separable injectivity of c0, T (M) is
complemented in c0. Letting S : c0 → c0 be a projection with S(c0) = T (M), and
defining U : E → E by U := (T |M)
−1
ST , we have that U is a projection with
U(E) = M . The converse is clear. ✷
Theorem 3 Whenever L(E, F ) = UC(E, F ), we also have P(kE, F ) = Puc(
kE, F )
for all k ∈ N.
Proof. Suppose first that E contains a complemented copy of c0. Then F cannot
contain a copy of c0, and so every F -valued polynomial is unconditionally converging
[4, Theorem 2].
If E contains no complemented copy of c0, then by Lemma 2, we have L(E, c0) =
UC(E, c0), and we proceed by induction on k. Suppose the result is true for (k−1)-
homogeneous polynomials. Consider P ∈ P(kE, F ) and a w.u.C. series
∑
xn in E.
By the proof of Lemma 4 in [4], it is enough to show that ‖Pxn‖ → 0. We define
T ∈ L (E, c0(F )) by
Tx :=
(
Pˆ (xm, . . . , xm, x)
)
m
.
We claim that T is well defined. Indeed, for x ∈ E fixed, we can give a polynomial
Q ∈ P(k−1E, F ) by
Q(y) := Pˆ (y, . . . , y, x) (y ∈ E) .
By the induction hypothesis, Q ∈ Puc(
k−1E, F ). In particular, ‖Qxm‖ → 0, and the
claim is proved.
By Lemma 1, T ∈ UC (E, c0(F )). Hence,
‖Pxn‖ =
∥∥∥Pˆ (xn, . . . , xn)
∥∥∥ ≤ sup
m
∥∥∥Pˆ (xm, . . . , xm, xn)
∥∥∥ = ‖Txn‖ −→ 0 ,
and the proof is complete. ✷
Recall that E has the hereditary DPP if any closed subspace of E has the DPP.
A polynomial is completely continuous at the origin if it takes weakly null sequences
into norm null sequences.
Corollary 4 Assume E has the hereditary DPP, and L(E, F ) = UC(E, F ). Then
P(kE, F ) = Pcc(
kE, F ) for all k ∈ N.
Proof. By Theorem 3, we have P(kE, F ) = Puc(
kE, F ). Since E has the hereditary
DPP, every unconditionally converging polynomial on E is completely continuous
at the origin [4, Proposition 20]. Hence, every polynomial on E is completely con-
tinuous at the origin.
4
Let now (xn) ⊂ E be a sequence weakly converging to x, and P ∈ P(
kE, F ).
Then
P (xn) =
k∑
i=1
Pˆ (xn − x)
i(x)k−i + P (x) .
Since all the polynomials on E are completely continuous at 0, we conclude that
P (xn)→ P (x). ✷
This Corollary contains a result of [5] stating that whenever E has the hereditary
DPP, and F contains no copy of c0, we have P(
kE, F ) = Pcc(
kE, F ).
3 Completely continuous polynomials
The fact that L(E, F ) =WCo (E, F ) does not imply that every polynomial from E
into F be weakly compact. A simple example is the polynomial Q ∈ P(kℓ2, ℓ1) given
in Section 1. This example also shows that if we have L(E, F ) = CC(E, F ), we need
not have P(kE, F ) = Pcc(
kE, F ) either. Ryan [10] proved that if E has the DPP, then
every weakly compact polynomial on E is completely continuous. A modification of
his argument allows us to prove that if E has the DPP, and L(E, F ) =WCo (E, F ),
then we have P(kE, F ) = Pcc(
kE, F ) for all k.
We need a previous lemma.
Lemma 5 [10, Lemma 1.2] An operator T : E → c0(F ), with Tx = (Tn(x))n, is
weakly compact if and only if the following two conditions are satisfied:
(a) for every n, the operator Tn : E → F is weakly compact;
(b) for every x∗∗ ∈ E∗∗, limn ‖T
∗∗
n (x
∗∗)‖ = 0.
We can now state the main result of the Section.
Theorem 6 Suppose E has the DPP, and L(E, F ) = WCo (E, F ). Given k ∈ N
and A ∈ L(kE, F ), let (xn1 ), . . . , (x
n
k) ⊂ E be weak Cauchy sequences. Then the
sequence (A(xn1 , . . . , x
n
k))n is norm convergent.
Proof. By induction on k. For k = 1, the result is clear. Assume it is true
for (k − 1)-linear mappings, and take A ∈ L(kE, F ), and weak Cauchy sequences
(xn1 ) , . . . , (x
n
k) ⊂ E.
We suppose first that one of the sequences is weakly null. To fix notation, let
xn1 → 0 weakly. For every z ∈ E, the mapping
E×
(k−1)
· · · ×E −→ F
(x1, . . . , xk−1) 7−→ A(x1, . . . , xk−1, z)
is (k − 1)-linear. By the induction hypothesis, the sequence
(
A
(
xn1 , . . . , x
n
k−1, z
))
n
is norm convergent. By [1, Theorem 2.3 and Lemma 2.4], its limit is 0. For com-
pleteness, we give a short proof of this fact, valid in our case: Since E has the DPP,
for each ψ ∈ F ∗, the (k − 2)-linear mapping from Ek−2 into E∗ given by
(x2, . . . , xk−1) 7−→ ψ ◦ A( · , x2, . . . , xk−1, z)
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takes the weak Cauchy sequences (xn2 ) , . . . ,
(
xnk−1
)
⊂ E into the weak Cauchy se-
quence
(
ψ ◦ A
(
· , xn2 , . . . , x
n
k−1, z
))
n
⊂ E∗. Again by the DPP of E, since (xn1 ) is
weakly null, we have ψ◦A
(
xn1 , . . . , x
n
k−1, z
)
→ 0, i.e. the sequence
(
A
(
xn1 , . . . , x
n
k−1, z
))
n
is weakly null. Since it is norm convergent, the limit must be 0.
Now, we can define the operator T : E → c0(F ) by
Tz :=
(
A
(
xn1 , . . . , x
n
k−1, z
))
n
for each z ∈ E.
We claim that T is weakly compact. Since each coordinate operator Tn : E → F is
weakly compact, it is enough (Lemma 5) to show that, for every z∗∗ ∈ E∗∗, we have
limn ‖T
∗∗
n (z
∗∗)‖ = 0.
Consider the mapping
A : E×
(k−1)
· · · ×E −→ L(E, F )
given by
A(x1, . . . , xk−1) := A(x1, . . . , xk−1, · ) .
Then Tn = A
(
xn1 , . . . , x
n
k−1
)
. Since L(E, F ) = WCo (E, F ), for each z∗∗ ∈ E∗∗, we
can define Sz∗∗ ∈ L(
k−1E, F ) by
Sz∗∗(x1, . . . , xk−1) :=
(
A(x1, . . . , xk−1)
)∗∗
(z∗∗) .
By the induction hypothesis,
‖T ∗∗n (z
∗∗)‖ =
∥∥∥Sz∗∗
(
xn1 , . . . , x
n
k−1
)∥∥∥ −→ 0 , as n→∞ ,
and the claim is proved.
By the DPP of E, T is completely continuous. Therefore (Txnk)n converges to
some w = (wi) ∈ c0(F ). In particular,
‖A (xn1 , . . . , x
n
k)− wn‖
n
−→ 0 .
Since ‖wn‖ → 0, we conclude that ‖A (x
n
1 , . . . , x
n
k)‖ → 0.
For the general case, suppose that (xn1 ) , . . . , (x
n
k) ⊂ E are weak Cauchy se-
quences, and choose two increasing sequences of indices (rn), (sn). Then,
‖A (xrn1 , . . . , x
rn
k )−A (x
sn
1 , . . . , x
sn
k )‖ ≤
‖A (xrn1 − x
sn
1 , x
rn
2 , . . . , x
rn
k )‖+ ‖A (x
sn
1 , x
rn
2 − x
sn
2 , . . . , x
rn
k )‖
+ · · ·+ ‖A (xsn1 , . . . , x
rn
k − x
sn
k )‖
−→ 0 .
Hence, the sequence (A (xn1 , . . . , x
n
k))n is norm convergent. ✷
Corollary 7 Suppose E has the DPP and L(E, F ) = WCo (E, F ). Then we have
P(kE, F ) = Pcc(
kE, F ) for all k ∈ N.
The Theorem and Corollary hold, for instance, in the following cases:
(a) E = C(K) with K stonean (e.g. E = ℓ∞), and F 6⊃ ℓ∞.
(b) E = C(K) and F 6⊃ c0.
(c) E∗ has the Schur property, and F ∗ 6⊃ ℓ1.
(d) E∗ has the Schur property, and F is weakly sequentially complete.
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4 Extension to the bidual
We prove that whenever E∗ has the DPP property, and L(E, F ) = WCo (E, F ),
then every polynomial from E to F has an extension to a completely continuous
polynomial from E∗∗ to F .
The following result will be needed:
Proposition 8 [2] The dual space E∗ has the DPP if and only if for every F and
T ∈ WCo (E, F ), the second adjoint T ∗∗ is completely continuous.
In the next Theorem, we use the same symbol for a multilinear mapping and its
extensions.
Theorem 9 Suppose E∗ has the DPP, and L(E, F ) = WCo (E, F ). Then each
polynomial P ∈ P(kE, F ) has an extension P˜ ∈ Pcc(
kE∗∗, F ), with ‖P˜‖ = ‖P‖.
Proof. Let A be the symmetric k-linear mapping associated to P . We extend A to
E∗∗ coordinatewise by the Davie-Gamelin procedure [3]: for each fixed j, 1 ≤ j ≤ k,
and for each fixed x1, . . . , xj−1 ∈ E, and zj+1, . . . , zk ∈ E
∗∗, the operator
x ∈ E 7−→ A(x1, . . . , xj−1, x, zj+1, . . . , zk)
is extended to E∗∗ by taking its second adjoint. Since L(E, F ) =WCo (E, F ), it is
clear that the extensions have range in F .
We define P˜ (z) := A(z, . . . , z), for z ∈ E∗∗. Easily, for each ψ ∈ F ∗, ψ ◦ P˜ =˜ψ ◦ P . Since ‖ ˜ψ ◦ P‖ = ‖ψ ◦ P‖ [3], we obtain ‖P˜‖ = ‖P‖.
Proceeding by induction on k, we prove that the extension A is completely
continuous. For k = 1, the result holds by Proposition 8. Assume it is true for the
(k − 1)-linear mappings. Take weak Cauchy sequences (zn1 ), . . . , (z
n
k ) ⊂ E
∗∗, and
P ∈ P(kE, F ) with associated A as above. Suppose that one of the sequences, say
(znk ) to fix notation, is weakly null. For every z ∈ E
∗∗, the mapping
(z2, . . . , zk) ∈ (E
∗∗)k−1 7−→ A(z, z2, . . . , zk)
is completely continuous, by the induction hypothesis. Therefore, the sequence
(A(z, zn2 , . . . , z
n
k ))n converges to zero, as in Theorem 6.
Defining T : E → c0(F ) by Tx := (A(x, z
n
2 , . . . , z
n
k ))n, for x ∈ E, we have
‖T ∗∗n (z)‖ = ‖A(z, z
n
2 , . . . , z
n
k )‖ −→ 0 .
By Lemma 5, T is weakly compact. By Proposition 8, T ∗∗ is completely continuous.
Hence, as in Theorem 6, A(zn1 , . . . , z
n
k )→ 0. The proof finishes as in Theorem 6. ✷
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